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Abstract 

^. 

^ . We analyze the folded spinning string in AdS4 x P'' with spin S in AdS4 

and angular momentum J in P^. We calculate the one- loop correction to its 

_i ^ energy in the scaling limit of both In S and J large with their ratio kept fixed. 

>- ■ This result should correspond to the first subleading strong coupling correction 

r^ ■ to the anomalous dimension of operators of the type Tr{D^{Y^Yy^) in the 

Q"^ . dual A/" = 6 Chern-Simons-matter theory. Our result appears to depart from 

^ \ the predictions for the generalized scaling function found from the all-loop 

^ \ Bethe equations conjectured for this AdS4/CFT3 duality. We comment on the 

fyQ • possible origin of this difference. 
O' 
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1 Introduction 

The spinning folded string in AdSs has played an important role in our quantitative under- 
standing of the AdS/CFT duality. In the large spin limit, the difference between its energy E 
and spin S scales like InS* [1]; the proportionality coefficient is the universal scaling function 
/(A) which provided the first controlled example of an interpolating function between weak and 
strong coupling. These spin S states are thought to be dual to the operator ti^ZD^Z) where 
D is the light-cone covariant derivative and Z is one of the complex scalar fields of the theory; 
for such operators the logarithmic scaling has long been known [2]. 

A spinning folded string also exists in sigma models on lower-dimensional AdS spaces, such 
as AdS4 X P^; it was pointed out in [3] that in the large spin limit they have similar properties 
as the AdS5 state, that is 

E-S(x\nS + 0{S^) . (1) 

The gauge theory dual to closed string theory on AdS4 x P^ was recently conjectured to be 
a certain A/" = 6 superconformal three-dimensional Chern-Simons theory [3] (see also [4]). At 
finite A^ and k, this U{N) x U{N) gauge theory is in fact thought to describe the low-energy 
physics of A^ M2-branes on M^'^ x C^/Z^, where k is interpreted as the level of the Chern-Simons 
theory (for recent discussions on the M2-brane worldvolume theory see e.g. [5]); in the large A^ 
limit the gravity dual becomes M-theory on AdS4xS^/Zfc where the orbifold group lies inside 
a f/(l) subgroup of the 5*0(8) isometry group of S"^. This theory also has an 't Hooft limit 
where both k and A^ are taken to be large with A = N/k kept fixed. In this limit the size 
of the circle fiber acted upon by the Z^ orbifold becomes very small and thus the appropriate 
description is as type IIA theory on AdS4 x P^. The J\f = 6 Chern-Simons theory [3] exhibits an 
SU{4) X U{1) global symmetry group, the first factor of which is the R-symmetry. In addition to 
the gauge-fields, it also contains eight bi-fundamental scalar fields Y^ and Yj which transform 
as 4+1 and 4_i of SU{4) x f/(l). The representations of the eight fermionic bi-fundamental 
superpartners follow from the representation of the supercharges; for the M2-brane theory the 
supercharges transformed as the 8c representation of the 5*0(8) R-symmetry and decompose 
under the commutant of the orbifold action as 6o © I2 © 1-2- It is natural to expect that the 
spinning folded strings should be dual to single trace gauge invariant operators made of a large 
number of covariant derivatives and some finite number of other fields. 

The twist-two operators tr{ZD'^Z) of A/" = 4 SYM theory are not captured by the asymp- 
totic Bethe ansatz. To bypass this problem and, at the same time, to make a cleaner identi- 
fication between the gauge theory operators and string solutions it is useful to generalize the 
rotating folded string by adding a further angular momentum J in the compact space. The 
dual operators tr^D^Z"^) belong to the s/(2) sector of the theory. For strings in AdSsxS^ this 
has been done in [6]. The resulting target space energy, E{yX, S, J), is a nontrivial function of 
its arguments and may be expanded in different regimes, uncovering and testing various aspects 
of the gauge and string Bethe ansatze. One can straightforwardly find similar strings moving 
along an 5*^ C P'^ with angular momentum J. Invariance under U{N) x U{N) gauge transfor- 
mations, and the requirement that the operator be charged only under one Cartan generator 



of the R-symmetry group suggests that the relevant operators are tT{D^ {Y^Y^ 



uj\ ras 
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As for the A/" = 4 theory, the dilatation operator of the Chern-Simons theory appears to be 
described by an integrable spin chain at weak coupling [7] (see also [8,9]). Unlike that of the 
A/" = 4 theory this spin chain is alternating due to the presence of fields in the bifundamental 
representation. Given as J roughly corresponds to the spin-chain length, it is necessary to take 
it to be large in order to expect an exact Bethe ansatz, which would therefore be asymptotic. 
The choice of vacuum for the spin chain leaves unbroken a symmetry group similar to that 
of the spin chain of A/" = 4 SYM theory. Together with information [10] extracted from a 
conjectured worldsheet action for strings in AdS4 x P^ [11-13], asymptotic Bethe equations 
have been conjectured in [14] (see also [15]). To leading order in the weak coupling expansion 
these equations reproduce the results of direct anomalous dimension calculations [7]. Similarly 
to AdSsxS^ , the study of the properties of classical string solutions, such as the finite size 
corrections to their energy, (see [16]) may be used to carry out further tests of the Bethe 
equations. 

In this work we will consider the one-loop string corrections to the energy of the spinning 
folded string in AdS4 x P^ . While the full superstring action on this space is not known, 
sigma models based on the coset OSp{6\4:)/SU{3) x U{1) x 50(3,1) and supplied with an 
appropriate Wess-Zumino like term [11-13] have been suggested to represent partially K-gauge 
fixed Green-Schwarz string actions. Furthermore, it has been shown that these actions are 
classically integrable suggesting that it may be possible to study this theory using similar 
methods to the AdSsxS^ case. We will however not use these actions. To one- loop order only 
the quadratic part of the fermion action is necessary and its structure is well-known in terms 
of the supersymmetric covariant derivative. 

After recalling the supergravity background [3] in §2 we proceed in §3 to discuss the spinning 
string solutions in AdS4 x P^ , some of their scaling limits as well as the expectations for the 
semiclassical expansions of their energy, all of which are quite analogous to those of spinning 
strings in AdSs x S^ . In §4 we find the spectrum of bosonic and fermionic fluctuations around 
the spinning folded string solution in the scaling limit. In §5 we evaluate the one-loop correction 
to the target space energy both for strings with J = and J 7^ in the semi-classical scaling 
limit. We show that the quadratic and logarithmic divergences cancel and extract the one-loop 
correction to the generalized scaling function. In §6 we discuss the comparison with the Bethe 
ansatz predictions and discuss some possible future directions. 

2 AdS4 X p3 Background 

Recently, [3] , it was pointed out that the near horizon geometry of M2-branes on a special Z^ 
quotient of fiat space is, for large values of k, AdS4 x P^. Taking the standard M2-brane near 
horizon geometry of AdS4xS^ and writing the S^ as a S^ fibration over P^ the effect of the Z^ 



^Here we assigned charges to the fields in the 4 of SU{4) such that Y"^ has equal charges under all three 
Cartan generators while Y^ with i = 1,2,3 has the same charge as (Ki)^ under the i-th generator and the charge 
as Y'^ under the other two generators. 

^ It is worth noting that two scalar fields together with a covariant derivative can carry the same quantum 
numbers as a fermion bilinear so that generically such states will mix; with a some care however, it is still 
possible to identify a closed sl(2) sector. 



quotient is simply to make the radius of the S^ smaller by a factor of k. The compactification 
from eleven to ten dimensions gives rise to a two form flux which is proportional to the Kahler 
form on the P^ and the four form flux is unaffected except that the number of units of flux is 
reduced by a factor of k. To be more explicit the background fields after the quotient are 

R^ R^ 

F2 = kJrs F4 = |i?=^VoU,54 (2) 

o 

Above, the metric and the forms are written in terms of those of spaces of unit radius. For 
AdS4 we use global coordinates, (t, p, 6, 0) and the resulting metric is the standard 

ds\^s^ = - cosh^ p dt^ + dp^ + sinh^ p {dO^ + sin^ 6*^0^) (3) 

and we make use of the parameterization, [17], of the P^ geometry in terms of the coordinates 

(Ci,C2,C3,Ti,r2,r3), 

dsp3 = dC,l + sin^ ^1 dQ + cos^ Ci {dri + sin^ ^2 {dT2 + sin^ Cs'^'^'s)) 

+ sin^ C2 (dCl + cos^ C2 {dT2 + sin=^ C^dr^) ^ + sin^ Cs cos^ Czdrf^ (4) 

where we have pulled out an overall factor of -Rids ~ R^/4:k with R being the radius of the 
original AdS4xS^ geometry. This expression for the P'^ metric can be found by iteratively 
embedding P"~i in P"^. The two-form can be written as the exterior derivative, F2 = kduj, of a 
one-form defined locally by 

u = sin^ Ci ((iri + sin^ (2 {dT2 + sin^ Csdr^)) . (5) 

In physical coordinates one has: 

{^2)^1, = 2 — J^i, {FA)abcd = G^^abcd (6) 

or 

1 3 

e {F2)^lu = ^5 Jf^u e {F4)abcd = -^ ^abcd (7) 

-fLAdS -KAdS 

where J and e are numerical tensors with entries ±1 and 0. They are, respectively, the entries 
of the Kahler form and of the volume form on unit P^ and AdS4. Finally the ten-dimensional 
radius of curvature will be related to the 't Hooft coupling by 

i?L„g = ^ = 2^/^7rv^. (8) 

We now turn to the study of a particular class of spinning strings in this background. 



3 Spinning string solution and scaling limits 

Many of the spinning string solutions of Frolov and Tseytlin [6, 18] are again solutions of strings 
on AdS4 X P^ and indeed many of their calculations, including that of the quantum correction 
to the long spinning string, are modified only very slightly. Let us briefly summarize some of 
the relevant details about spinning strings. We wish to consider folded closed strings that have 
two non-vanishing charges: one spin, S, in the AdS4 space and one angular momentum, J, in 
the compact P^ and that are solutions of the equations of motion of the action 

I = -^AdS4 + -^P3 
2 



R 



^ J drda Vhh'^' (c^^^'daX^dtX'' + AGlldaX^'d.X''^ . (9) 



Due to the choice of spins, the solution fits inside an AdSsxS^ subspace and it is in fact 
identical to that of GKP, [1] and further studied in [6], except for a multiplication of the S^ 
angular momentum parameter by |. This is a consequence of the numerical factor in the second 
term in the action ([9]). 

As in AdSsxS^ , the worldsheet semiclassical expansion about these spinning string solutions 
is naturally organised as an expansion in -i= (which is proportional to the inverse string tension) 

which keeps fixed the charge densities S = -^ and JT" = -^^. The target space energy of the 
string is given by 

S,{S,J) + ^S^{S,J) + ...]. (10) 

Given the complexity of the solution [6] additional limits are useful. We will consider the 
so-called "semi-classical scaling" or long-string limit of the spinning string solutions, see [6,19] 
and also [20], 

5 > J^ > 1, with i = -^ fixed. (11) 

2 mo 



E = V2A S {S,J, —= 1 = V2A 
v2A 



Since we are interested in the limits luiS 3> In JT and S ^ v2A this equivalent to 

^ > J > 1, with i ^ —^ fixed. (12) 

2v^ln5 



As discussed at length in [19,20] , in this limit the solution simplifies dramatically becoming 
homogeneous. Choosing □ the angle ip^ parametrizing the circle S^ C P'^ as (fs = ^(''"i + ''"2 + ^3), 
the relevant part of the action is given by the metric 

rfs2 ^ ^2^^^ (^^p2 _ ^Qg]^2 ^ ^^2 _^ gj^j^2 ^ ^^2 _^ ^^^2^ _ ^^^-^ 



■^ There are many different S^ factors tfiat one may pick inside P'^. A particularly useful choice, which leads 
to the vanishing of some components of the spin connection, may be identified by introducing new coordinates 

Ti=^3- (3, T2 = /3 - 7: 7-3 = Va + 7 • (13) 

with all the other coordinates set to zero. 



Then, the solution is just 



1 



t = KT (j) = KT p = fia ^3 = -yr jjl = Vk"^ — y"^ ; (15) 

the other AdS4 x P^ coordinates take constant values, the nonvanishing ones being 

^=2' Ci=4, C2=2> ^3=2 • (16) 

As with all classical solutions, two-dimensional Lorentz invariance is spontaneously broken. 
As we shall see it turns out to be convenient to express the solution in terms of constant 
vectors. In this way, Lorentz invariance is apparently preserved (and it would be if one allowed 
these constant vectors to transform as implied by the indices they carry). In analogy with the 
spinning string solution in AdSsxS^, we define the vectors h, n and hi 

(it = n ■ d(T d(j) = n- dcr dp = n- dcr dips = -m ■ da <j = (a^, a'^) = (r, a) . (17) 

The Virasoro constraint relates these vectors as follows: 

r]'''hanb + V^'naiib = V^'^am = -v" . (18) 

We must also impose periodicity in the a direction, pia + 27r) = p(cr), which is satisfied 
by interpreting the solution (llSp as a string folded onto itself. The string is thus made of four 
segments: for, < a < ^, p increases from to its maximum po? while for ^ < cr < vr it 
decreases from its maximum value back to zero and then repeats. The relation between the 
parameters of the solution, k, p and z/, is a consequence of the Virasoro constraint. We note 
that for the above solution, being in the scaling limit flTTl) . k and p are both large while I = - 
is kept fixed. This can be seen clearly by relating the parameters of the solution to the global 
charges of the string which are given by, E = v2A £ etc, with 

£ = da — cosh^ p, S = da — sinh^ p, 

io 2 Jq 2 

p2TT 

J = da u. (19) 

We thus have 

p = -ln5, u>l, £=-=fixed. (20) 

vr p 

If we rescale a by p we get p = a but now the worldsheet has length L = 27ip ~ In S* ^ 1 
and in the strict L -^ oo limit the closed string can be thought of as two infinite overlapping 
open strings. In this limit we can neglect all effects of the string end points where from the 
closed string point of view the worldsheet curvature becomes infinite. In the scaling limit (ITTl) 
we have £ = S + n t^ and thus to leading order 



J^ 



£o-S = pnVl + P = lnSxll + j^^ (21) 



or using the fact that S ^ J and -$^ ^ 1 



Eq-S = V2AlngWl+ '^„ 

2A/o(£)ln^. (22) 

We can of course consider the hmit in which the angular momentum in the compact space is 
vanishing, or more precisely the limit j^ ^ 1, the "semi-classical scaling small" limit. In this 
limit at leading order Eq — S = v2A In S which is the result from [3] . 

Our aim here is to extend this result to include the next-to-leading order correction to the 
spinning string energy which, as we shall explicitly see, takes the form 

Ei = h{i) lnS + ... . (23) 

Thus, just as for the AdSsxS^ string, it appears that the strong coupling expansion in the 
scaling limit can be organised as 



E-S = V2Xi{i,X)\nS + ... (24) 



and the function, f(£. A) can be expanded in inverse powers of v2A to give the coefficients fo(^), 
fi(^), etc or alternatively one can first expand in powers of i 

f(£. A) = f(A) + fqii, A) + fpi^, A) + . . . . (25) 

The function f(A) is the three-dimensional analogue of the universal scaling function /(A) of 
TV = 4 super- Yang-Mills in four dimensions. Similarly to that case, we expect that the functions 
q{i, A) and p{i, A) exhibit logarithmic dependence on i in the string coupling expansion. 

It is perhaps worth mentioning that the relationship between GKP spinning strings [1] and 
the open strings dual to light-like Wilson loops with a cusp, [21], that is known to exist in AdS5, 
persists in this context at least at the level of the classical worldsheet. The argument, [22], 
that in the scaling limit, after an analytic continuation combined with the use of the AdS 
isometrics, these two string solutions correspond to the same minimal surface is essentially 
unchanged. Thus we expect the anomalous dimension of twist-two operators and the cusp 
anomaly to be equal also in the dual three-dimensional Chern-Simons theory. Their common 
value should define the scaling function /c5(A)q This equivalence for the J\f = A theory was 
proven in weak coupling perturbation theory [2] and in addition to the arguments cited above 
has been partially confirmed by direct calculation [21,6,22,23]. It is also worthwhile mentioning 
that the same scaling function /(A) governs the IR asymptotics of the gluon amplitude in the 
A/" = 4 theory [24,25]. Furthermore for the four-point gluon amplitude it determines the 
finite part of the exponentiated all-loop expression found in [25,26]. In the context of the 
AdS/CFT correspondence the same functional dependence for the scattering amplitude was 
found at strong coupling by [27]. In large part this is entirely determined by the symmetries 
of the problem [28,29]. For AdS4 we can, at least at strong coupling, formally find a similar 
relation though the interpretation, which makes use of several T-duality like transformations, 
is perhaps less clear. 



The coordinate transformations relating the spinning folded string the the Wilson line with a cusp can also 
be carried out in the presence of nonvanishing angular momentum on S"' . 



4 Fluctuation Spectrum 

4.1 Bosonic action to quadratic order 

In this section we calculate the spectrum of bosonic quantum fluctuations about the spinning 
string solutions, at least in the homogeneous scaling limit. In this we will again follow very 
closely [6, 19] and so we will not belabor the details - the calculations are essentially identical 
though with one less transverse degree of freedom in the AdS space and one more in the slightly 
more complicated P^ space. The fluctuations about the classical spinning string solution in the 
AdS4 space are 

t = n-cr + Yr , P = n-cr + ^, ^ = - + — , = n-<T + ^. (26) 

A4 A* -^ A* A4 

In the above we have used as our expansion parameter|^ A = 27r^A. The bosonic action quadratic 
in fluctuations in the AdS4 space becomes 



^AdS4 = -^ I "^"^ 



p f d^a Udpf - cosh^ p{dty + [{d(f)f + {def -n-fv 9^] sinh^ p 

-2(n-(9t-n-(9^)fi: psinh(2p)l (27) 



where we have dropped the tildes. To eliminate the explicit dependence on p it is useful to 
redeflne the flelds as 

t = coshpt, ^ = sinhp6', = sinhp0, P = P (28) 

and do a further rotation in the (t, 0) plane 

X = 0coshp — tsinhp, ^ = — 0sinhp + tcoshp (29) 

after which the action becomes 

/AdS4 = -^ j (fa[-{dCf + {dxf + {dpf + ACn-dx + ^pfi-dx + {def 

+ (ii ■ ii - n ■ n)^2 . (30) 

The spectrum is more conveniently expressed in terms of n and v rather than in terms of n 
and n. Similarly to the spectrum of bosonic fluctuations in AdSsxS^, we flnd one combination 
X, C cLud p being massless and one each with dispersion relation 



uo±[n) = y n 



.2 



2/t2 ± 2Vk^ + nV2, (31) 



where here n denotes the mode number. There is additionally one transverse mode with mass 
squared 2^^ — z/^. For the string moving on an S^ inside the P^ masses of the fluctuations are 



^There is some ambiguity in exactly what we use as the expansion parameter however we fix this by de- 
manding that for the analogous expansion about the BMN string the energy of a single massive excitation is 
E-J^1 + 0{X). 

8 



quite straightforward with one longitudinal massless degree of freedom, four with mass squared 
^ and one with mass squared u"^. lI Note that in the absence of an angular momentum on P'^, 
the spectrum exhibits the 5*0 (6) ~ S't/(4) symmetry of P^. For J oc z/ 7^ this symmetry is 
broken to 5*0(4). 

As is the case for the AdSs x S^ string, two of the massless modes cancel against the contribu- 
tion of the diffeomorphism ghosts that arise from fixing conformal gauge. For a string spinning 
entirely in AdS4 we take v to zero and in this case the bosonic spectrum is particularly simple: 
we get one massive excitation with rn? = Ak^, one with m^ = 2k^ and six massless modes so 
that ^bosons "^^ ~ Sk^. As discussed in [29] we can consider the fluctuations as the Goldstone 
bosons (or fermions for the fermionic fluctuations to be discussed in the next section). Thus 
we expect the six massless modes from the P'^ to remain massless to all orders in worldsheet 
perturbation theory. 

4.2 Fermionic action to quadratic order 

We now turn to the construction of the spectrum of fermionic fluctuations. As mentioned 
previously, the complete K-gauge-invariant Green-Schwarz action on AdS4 x P^ is not known. 
Recently, however, Green-Schwarz [11, 12] and pure spinor [13] models based on the coset 
OS'p(6|4)/5'L'"(3) X f/(l) X 50(1, 3) have been constructed. The resulting sigma model possesses 
twenty-four fermionic degrees of freedom and may be interpreted as a partial K-gauge fixing of 
an action with thirty-two fermionic degrees of freedom. The remaining ^-symmetry generically 
removes eight of the fermions. For strings moving entirely in AdS4, such as the spinning folded 
string, a larger number of degrees of freedom becomes unphysical; the remaining K-symmetry 
is enhanced and becomes capable of removing twelve fermionic degrees of freedom, instead of 
eight [11]. 

Such a small number of physical fermionic degrees of freedom is not allowed by the usual 
rules for the Green-Schwarz string; one would therefore expect that it is possible to use the 
supercoset models for the generalized spinning solutions with J 7^ but not for J = 0. Such a 
conclusion is, however, somewhat puzzling as we expect the energy to be a smooth function of 
J . This motivates, in part, our consideration of the generalized solutions where we can analyze 
the J — * behavior and, separately, the J = solution. |j 

For our purposes we fortunately need only the the quadratic-in-fermions part of the gauge- 
invariant Green-Schwarz action and this is well known to have a standard expression in terms 
of the target space covariant derivative: 

L^p = t{r^->'6'^ - e"'s")^Vai^6^'^^'^ (32) 

where s = diag(l, —1) and ef is the pullback of the vielbein 

ef = d^X^'Et, (33) 



^It should be mentioned that, due to the numerical factor in the second term on the right hand side of the 
equation ^, the normalization of the quadratic term of the P^ fluctuations is non-standard. While this is 
irrelevant at one-loop order, it must be carefully accounted for in higher-loop calculations. 

^After this work appeared a similar calculation using the coset approach [30] was submitted which found 
that the J — > limit was smooth and in agreement with our calculation. 



(here X'^'^ denote generic target space coordinates). In type IIB theory in the presence of a 5- 
form flux this expression was analyzed in [6] and brought to a form resembling a two-dimensional 
fermionic action. 

We will analyze here the type IIA string theory, with additional restrictions on the form of 
D^l^ due to the fluxes present in the background ([2]). The structure of the action bears certain 
similarities with that in the type IIB theory due to the fact that the background RR fluxes 
are constant on the tangent space. Here however, the two fermions 9^ and 6"^ have opposite 
chiralities. Defining If^n) = ^r^^^^''^"-^AriAr2...Afn ^^e covariant derivative is 

+ ^-e'f'[F^,){a,y^ + If^,){za,y^ + If^4a,y^]^^ (34) 

with ai being the Pauli matrices and the modified form field strength F^ given, as usual, by 

Fi = Fi-HACi . (35) 

In the coordinates ([3]) the spin connection reads: 

a;°^ = —u^^ = sinhp dt uj"^^ = —ixP = coshp d9 , , 

u^^ = —uj^^ = cosh p sin 6* dcp u^"^ = —u'^^ = cos 9 dcf). ^ ' 

With regard to the spin connection for the compact P'^ we note that using local Lorentz 
transformations it is always possible to choose the spin connection to vanish along a chosen 
direction - in particular Lp^. It turns out that the coordinates (jlj) together with the choice of ip^ 
mentioned above realize this observation. Thus, for spinning string solutions carrying a single 
charge in the space transverse to AdS, the explicit form of the spin connection is not necessary 
for the calculation of the spectrum of quadratic fluctuations. If the profile in the transverse 
space involves a single (isometric) field, then one also does not - for the same purpose - need 
to make sure that the full metric is written in the coordinates adapted to the vanishing spin 
connection. Indeed, the spectrum is invariant under coordinate transformations, so one can 
compute the bosonic spectrum in any suitable coordinate system. 

4.2.1 The (5, J = 0) string 

Let us consider first the solution with vanishing angular momentum in the transverse space. A 
reason for analyzing this configuration separately (rather than as a limit of J 7^ configurations 
which will be discussed later) is to test explicitly the continuity of the energy and of the natural 
K-gauge condition as a function of J . Moreover, the details of the calculation compared to those 
for the J 7^ configurations may point the origin of the enhancement of the k symmetry of 
the OS'p(6|4) models. As was exploited extensively in the calculation of one-loop corrections 
to the energy of classical strings in AdSs x S^ , no bosonic fluctuations appear in the quadratic 
fermion action; one simply evaluates (l32l) on the classical solution. Using the fact that from 
( ITTll we have fi = (k, 0), ii = (0, k) and hi = (0, 0) it follows that 

h = ^1^ [h„(coshpro + sinhpFg) + n„ri] . (37) 

10 



Also, the spin connection evaluated on the background solution is: 

daX^UM^''TAB = 2h,(sinhpro + coshpFs)!! (38) 

The p dependence may be removed by a rotation (boost) in the (03) plane: 

S = cosh ^ + sinh ^ro3 (39) 

(coshpFo + sinhpFs) = S'FqS'""'^ 
(sinhpFo + coshpFs) = ST^S^^ . 

This is absorbed by a field redefinition of the fermions 

9^ = S^^ (40) 

which in turn introduces an additional connection component: 

S-'daS = ih„Fo3 (41) 

Thus, we need to expand: 

= %^ ^'(haFo + haFi) U + ^(fi^Fo - hri)T^ ij' 

+ ^^eV [^(2)(^a2)^^ - ^(4)(ai)^^] (n^Fo + n„Fi)(n,Fo + fi^Fi)^^ 



(42) 



In the fiux term we used the fact that F2 does not have components in the AdS direction so 
it commutes with Fq and Fi while ^(4) oc F0123 so it anticommutes with (haFo + haFi). In the 
second term in the parenthesis, all factors of R and k cancel out once the expressions of the 
dilaton and forms are included. 

Using the fact that (r/"*^^'^ — e"'^s^^) is diagonal in the indices /, J it is possible to simplify 
somewhat the first term above, which we will denote by T^l^^. Indeed, opening the parenthesis, 

Vii = ^^(n,Fo + fiaFi)('9b + ^(ii6Fo-n5Fi)F3')^"' (43) 

= V^'(h,Fo + naT^)d,ij' - ]^{narib + hanfe)V5^Foi3^^ + 0{i,'T^ij') 

it is not hard to identify terms which vanish, if J = J, due to the chirality of fermions. 

The two terms arising in the sum the indices J, J in {ri°'^5^^ — e"^s^"')Pf^ are both of the 
same type: 

(^-^ + r^e''^)Vii = -V5'Fo(l - r?FoFi)9oV'' + i''T^{l - r]ToT,)diij' (44) 
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where we used the Virasoro constraint n ■ n + n ■ n = 0. Here 77 = — lif/ = l and rj = +1 ii 
1 = 2. It is useful to note the exphcit appearance of projection operators 

P± = ^(l±roi) ; (45) 

this is a consequence of the K-symmetry of the action. 

The trivial multiplication of vielbeine ^a^b = (j^a^o + fiari)(n6ro + nfoFi) leads to a simple 
expression for the vielbein-dependent factor in the flux- dependent term in (H2l) . It is again a 
sum of two terms of the type 

{r]'''' + r]e^'')Ub = 2{l + vroi) (46) 

where we made use of the explicit expressions of the vectors n and ii to write e'^^'nafif, = 1 and 
— li ■ n + n ■ n = +2 and, as before, r^ = — 1 for / = 1 and r] = +1 for 1 = 2. Note again the 
appearance of the projectors P^. 

The action is easy to construct by starting from ( l32l) : skipping trivial details, the result is 



^2F 



^-'l-string -'l-string 



(^n^b^ij _ s^J^-b^di 



-^'To{i - roT,)do^' + v^2ri(i - rori)9i^2 

+ ^e^^^ [^(,)(+l) - ^(4)(+l)] (1 - Toi)^^ 

+ ^eV[^(2)(-l)-^(4)(+l)](l + roi)^^ . (47) 

At this stage it is useful to recall that ip'^ and ip"^ are spinors of opposite chirality - with 
r_i the ten-dimensional chirality operator, T_iiIj^ = ip^ and T_iiIj'^ = —ip"^ - and thus may be 
assembled into a single, non-chiral ten-dimensional spinor ijj = ijj^ + ip"^ . In terms of this new 
field the action takes a very simple form: 

L2F = '-^f^ (2^(-r°9o + T'^^)V+^P - ^e'^^P [lf^,)T., + ^(4)] P+^) . (48) 

This action is still invariant under local ^-transformations, a fact reflected by the manifest 
appearance of a projector P+ in all terms in the action. It is only natural to choose the gauge 

V+iP = iP , (49) 

which eliminates from the fermion fields the components not appearing in the Lagrangian. This 
algebraic gauge, which is similar to the light-cone gauge, introduces no K-symmetry ghosts. 

For explicit calculations it is necessary to expand also the last term in the action fHHj) using 
the explicit form of the form fields; the relative factor of -Rstring with the derivative term cancels 
out and we find 

_ ^^ eH [^mV-i + ^(4)] ^ = -^ [+2(145 - Ter + T^,)V_^ + eFoiaa] • (50) 
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The spectrum of fermion quadratic operator fHHl) may be found by evaluating its eigenvalues 
and setting them to zero. It turns out that there are two massless and six massive modes with 
unit mass: 



^lA'f^) = \n\ ^3,4,5,6,7, si^) = V^^^ + «? • (51) 

Note that, similarly to the bosonic spectrum, Y2i=i ^ ~ 6^^! therefore, the one-loop correction 
to the energy of the (S*, J = 0) string is finite. We will evaluate it in section ^. 

The structure of this spectrum could have been anticipated from symmetry considerations. 
Indeed, as reviewed in the introduction, the supersymmetries form a 6o©l2©l-2 representation 
of the global symmetry group S'f/(4) x f/(l). Thus, we should expect six modes of equal masses. 
An additional Z,2 (charge conjugation) symmetry changing the sign of the f/(l) charges suggests 
that the remaining two modes should also have equal masses. 

4.2.2 The (5, J ^ 0) string 

The inclusion of a single angular momentum on P^ is technically quite straightforward. The 
main difference is that now all three vectors fll7p are nontrivial and given by n = (k, 0), 
ii = (0, /x) and hi = (i/, 0). 

Since the angular momentum on P^ is described by a linear profile along an isometry di- 
rection, it introduces no additional worldsheet coordinate dependence in the fermion action 
besides the one due to the AdS4 part of the solution. As for J = this latter dependence may 
be eliminated by the rotation (IH^ . After this rotation, the vielbein and the spin connection 
modified to include the effects of the rotation (jH]) are: 

^a = ^^ [ftaFo + fiaFl + hl^Fg] -^Ua^'^T AB = \ {^a^^ " KTl) Tg (52) 



-pa'^b i- AB — 



--(fiahfc + nanfc)roi3 + -hianferosg - -maUbVi^g 



(53) 



The two terms arising from the gravitational covariant derivative continue to have a similar 
structure, up to some signs (denoted by rf) which again related to the chirality of the spinors: 



-'''String 

- -(n ■ h + n ■ n) ^^FqisV'^ - -m ■ n ip^Ti^gip^ -h -hi x n V^Foag^^ 
= -i:\KTo + r]^iT^ + uTg)^o^p' + ^'{v^To + ^iT, + r]uTg)^,^|J' (55) 

It is easy to identify in the derivative terms a projector {V^ = Vrf) analogous to the one in 
equation (H5l) : it is: 

n = i(i + ,(;jr„ + ^r,)r.) , = ±. (56) 
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Using it and introducing the same unconstrained, non-chiral ten-dimensional spinor as before 

ip = ip^ + ip'^ the equation fl54p can be reorganized as: 



^^ab^IJ _ ^ab^IJ^j^U 



-'tstring 



V [-2{kT^ + z/Fg) V+ do + 2^lT^ V+ di 



+ -Z/ (Z/Fo + KTg) ri3 - -Z//iro39 



i; 



(57) 



Note that, unhke the string spinning only in AdS, there is a nontrivial connection term; these 
terms vanish as z/ ~ J — > and the derivative terms reduce to those of the previous section. 

To simplify the flux contribution it is useful to use the explicit forms of the vectors n, n and 
m and to split the 2- form into a part depending on the P^ isometry direction (i.e. Fg), ^2 ; 
and the rest. If 2 ■ 



If 2 = W^ + ^f 

In terms of these components, the flux terms are: 

2 



(5^ 



-fLstring 



= ijf^T^i (2/i2 + 2fi:/iFoiF_i - 2^z/Fi9F_i) ^ 
+ V^(^?^F_i - ^4) (2^2 - 2fi;z/Fo9 + 2K/iFoiF„i) i) 



(59) 



It is not hard to expose the projectors in this expression; restoring the numerical coefficient 
of the flux term in the covariant derivative and making use of the explicit expressions for the 
form fields we find that the contribution of the form fields to the fermion action to quadratic 
order in fermions and to leading order in the expansion in bosonic fiuctuations is 



-e'^(r/"''<5 



ab;;IJ _ ^ab IJ\^jJ 



)V^Va[^(2)(^a2)"^ + ^(4)(ai)^^]^V^^ 



R. 



string 



— (V)^(-r57 + F68)F_iP+^ + — (4/iK)^(-F49F_i + 3Foi23)7^+^ 



16 



16 



(60) 



Combining the derivative fl37|) and the fiux terms flUUj) it is easy to find the relevant gauge- 
invariant Lagrangian (a constant rotation in the (09) plane may be used to slightly simplify the 
derivative term): 



iR 



-C 



2F 



ij 



■string 



-2(ft:Fo + z/Fg) V+ do + 2/iFi V+ d, + \ (z/Fq + /^Fg) F13 - ^«:/iFo39 



^ 



— [( V)V;(-2F57 + 2F68)F„iP+V^ + (4/i«:)V^(-2F49F_i + 6Foi23)P+^] • 
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(61) 



As before, the manifest appearance of P4. suggests that a natural gauge condition is 

n^ = ^ , (62) 



14 



in analogy to the J = analysis. As in that case, this gauge condition does not introduce 
any K-symmetry ghosts. It is moreover easy to see that the limit i/ — >■ quickly leads to the 
equation (HHj) . implying that the gauge condition is a smooth function of J. 

The energy spectrum of quadratic fluctuations can be found by first setting to zero the 
eigenvalues of the quadratic fluctuations operator; the result, which may be checked by a 
variety of means, is that 



z/ 



^i,2,±{n) = ±- + Vn"^ + K? 
1 



cu3 4^^(n) = -— Y fi;2 + 2^2 ± Vk^ + 4z/2n2 (63) 

V 2 

Thus, we find four modes with unit mass and the other four modes have more complicated 
dispersion relations which are similar to those for some of the bosonic AdS fluctuations (1311) . 

It is interesting to note that the massless fermion modes present at J = are now lifted. 
The fact that four modes continue to have equal masses (up to a time-dependent rotation of 
their wave functions) is consistent with (and in fact should be expected from) the fact that the 
worldsheet background breaks the symmetry of P^ from 5*0(6) to S0{4). 

5 One-loop correction to string energies 

Given the spectrum of fluctuations we found in previous sections, the one-loop correction to the 
string energy may be computed in a variety of ways. An important subtlety is that the relation 
between the parameters of the solution and the field theory charges may receive quantum 
corrections. Such effects may be captured either in the Hamiltonian formalism [6] or in the 
Lagrangian formalism [20]. In the latter approach the fundamental quantity is the worldsheet 
partition function in the presence of chemical potentials for all charges. The target space energy 
is found by Legendre-transforming the logarithm of the partition function with respect to the 
chemical potentials. In the process one also uses the quantum Virasoro constraint, which sets 
to zero the quantum expectation value of the worldsheet Hamiltonian. 

The results obtained through these two methods imply that such modifications to the re- 
lation between charges and parameters of the classical solution are irrelevant in a one-loop 
calculation. It is perhaps more convenient to use the expression for the string energy in con- 
formal gauge in terms of the fluctuation fields derived in Appendix A of [6]: 

El = i(^|/72|^) (64) 

K 

with H2 = / 1^ 7^2(^5 0; ••• ) being the quadratic worldsheet Hamiltonian corresponding the 
fluctuation action at this order. For the spinning string the classical solution spontaneously 
breaks supersymmetry and we expect to find a non-trivial correction at one-loop. We begin 
with the simpler {S, J = 0) case and then proceed to the general solution. 
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5.1 {S,J = 0) 

For the case {S, J = 0) we have in the scahng hmit that the energy is given by the sum over 
frequencies 



. = ^ E '<- (65) 



E 



with Kn = Vn"^ + 4^^ + V^^ + 2^^ + 6vri^ — 6V^^ + 't^ — 2\fr?. In the scahng hmit (k ^ 1) 
this sum can be replaced by an integraL After rescahng the worldsheet mode numbers, n, and 
introducing the continuous worldsheet momentum, p, we have 

/■oo 

Ei = K dp Vp^ + 4 + Vp^ + 2 + 6 Vp2 _ 6 v/p2 + 1 - 2v^ + O (fi;°) . (66) 

It is straightforward to evaluate this integral by imposing a cutoff, performing the individual 
integrals and taking the cutoff to infinity. Expanding at large values of the cutoff one can check 
that the quadratic and logarithmic UV divergences vanish. The leading finite piece is given by 

El = -K -In2 + C(fi:°) 

^^""^■InS + Oiln'S) . (67) 



27r 

Thus we see that, as for the AdSs case, the one-loop piece continues to scale as In S and there 
is no stronger ln° S", a > 1, dependence. In fact we expect, not least on simple dimensional 
grounds, that this structure will continue to all orders at strong coupling and can be interpolated 
to match the weak coupling result. 

5.2 (5,J^0) 

We can now use essentially the same method for the generalized {S, J) string solution with two 
non- vanishing charges. In this case the sum of frequencies of the bosonic fluctuations, flHTl) and 
below, and the fermionic fluctuations, ( l63l) . is 



Kn = y n"^ + 2k^ + 2VK^l^n^ + y n'^ + 2k'^ - 2Vk^ 



2, ,2 



n^u 



Z/2 



-2 (—=\l2n^ + K^ + ^K^ + 4n2z/2 + —\J2n^ + k^ - Vk^ + An'^uA . (68) 

We again replace the discrete sum over mode numbers by an integral which, with the help of 
identities and changes of variables from appendix \^ results in a one-loop correction to the 
energy of 

2ul ^ 



[1 - u^) + Vl-u2 - 2^2 \nu 
-(2 - u^) In (V2-u'^{l + Vl-u"^)) - 2(1 - M^) In 2 . (69) 
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which is seen to be remarkably similar to the AdSsxS^ result though with some modifications. 
Here we have used the parameter 

U = — = , , -t = — = — ; 70 

/€ v^rT72 ^l 2\nS ^ ' 

and it is straightforward to see that in the u —* ^ limit it reduces to equation fl67p . This 
generalized scaling function is a useful tool in studying the AdS5/CFT4 duality and it is to be 
expected that it will also be so in the case at hand. 

6 Comparison with the Bethe Ansatz and outlook 

The dilatation operator of the A/" = 6 Chern-Simons theory was shown [7,9], to leading order 
in the scalar sector, to be equivalent to the Hamiltonian of an integrable (alternating) spin 
chain. It was moreover argued that the worldsheet theory in the dual supergravity background 
is also classically integrable [11,12]. It is tempting to infer that integrability potentially exists 
for finite values of the 't Hooft coupling as well. This conjecture is based on the nontrivial 
assumption that the anomaly of the conservation of the hidden charges present in the bosonic 
P^ sigma model is canceled in the full Green-Schwarz theory. It would be important to have 
direct tests of this assumption. 

With this starting point, and using the observation that the transformation rules of the 
spin chain excitations are similar to those of the spin chain excitations in A/" = 4 SYM, all- 
order Bethe equations have been conjectured [14] for the A/" = 6 Chern-Simons theory. As in 
A/" = 4 SYM, the tensor structure of the relevant scattering matrices is fixed by symmetries. 
The difference compared to the four-dimensional case is that the magnon dispersion relation 
acquires an overall numerical factor and in both the magnon dispersion relation and the S- 
matrix the 't Hooft coupling enters through an arbitrary function /i(A jj 



6(p) = iyi + 16MA)2sin2| . (71) 

In A/" = 4 SYM one has /i(A) = yX/Aix while in the A/" = 6 Chern-Simons theory 

f A + C(A3) A<1 

It was further argued that, up to the same function /i(A), the dressing phase is the same as 
that of the scattering matrix of the AA = 4 SYM spin chain. 

This relation between scattering matrices and dispersion relations implies in turn that most 
anomalous dimensions in the A/" = 6 Chern-Simons theory enjoy simple relations with those of 
A/" = 4 SYM theory. For example, it was argued in [14] that for the universal scaling functions 
this relation is 

fcsW = ^/Ar=4(A) ^ ^ . (73) 



^This function may be fixed by a direct calculation of the magnon dispersion relation in the J\f = 6 Chern- 
Simons theory. 
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Using the result from the algebraic curve calculation [31] that the constant term in h{X) vanishes 
in the regularization scheme adapted to the algebraic curve calculation and of the known strong 
coupling expansion of the universal scaling function, 



/Ar=4(A) = ^(v^-31n2 + o(^ 



it is easy to find that 



fcsW = 2/a/-=4(A) 



VXt^4TTh{X) 



V\ 



, 31n2 ,^ / 1 



(74) 



(75) 



The first term matches (by construction) the leading order in the strong coupling expansion 
of the spinning folded string energy (1221) . The second term above however departs from the 
worldsheet predictions fl671) for the next-to-leading order correction to the universal scaling 
function. 

In the same spirit one may compare (lU^ with the consequence of the conjectured Bethe 
ansatz for the J\f = 6 Chern-Simons theory. Instead of lI 



fcs{\ ^) - ^fN=.{\ 1^; 



VAi-^47rh{A) 



(76) 



it is easy to see that the leading and next-to-leading terms in the string coupling expansion of 
the generalized scaling function fcs{.^A) are consistent with 



J I J 

fcs{\ ^) = 2/a/-=4(A, ^) 



v^i^47r/i.(A) U 



(77) 



where fM=A{\ ^) is given in [19,6]. 

Though the resolution of this puzzle is not immediately apparent, several possibilities present 
themselves. For example, it may be possible that twist-two operators dual to the spinning 
folded string have been misidentified. It may also be possible that the problem lies either 
with the assumption that integrability survives beyond the leading order in the strong coupling 
expansion or with the precise expression for the scattering matrix. Since its tensor structure is 
determined by symmetries whose action is closely related to the action of symmetry generators 
in AT = 4 SYM, it may be that the dressing phase receives additional next-to-leading order 
corrections. Perhaps a profitable route to finding these corrections is to follow the strategy 
of [32] and construct the phase by matching it with the one-loop corrections to the circular 
string rotating entirely in AdS4. Another approach would, of course, be a direct solution of 
the crossing equation. The similarity of the symmetry groups of the scattering matrix of the 
worldsheet theory in AdS4 x P^ and AdSsxS^ suggests however that the correction to the 
dressing phase, if any, is a solution of the homogeneous crossing equation. 

For the spinning string in AdSsX S^ it has proven possible to extend the calculation of 
the quantum corrections to two-loops [33, 20] and it would certainly be interesting to repeat 
that calculation in the current context. In the absence of an argument that there exists a 



^We are grateful to P. Vieira for pointing out a difference of 2 in our definition of J and that used in [14]. 



K-gauge in which the action becomes quadratic in fermions, a prerequisite for a higher-loop 
calculation is knowledge of the contributions to the string action from terms quartic (and 
higher) in fermions. One could hope to possibly use the OSp{6\4) coset sigma-model [11-13] 
though due to the enhanced /t-symmetry at J = 0, such a calculation appears challenging at 
first sight. Alternatively one can derive the type IIA string action by doubly dimensionally 
reducing the supermembrane action [34] 



S = - [d'CV-detgiZiC))+ [ B 
J Jm-, 



{n 



where Z = {X^, 9°') are the eleven dimensional target superspace coordinates, C = (r, a, a^) are 
the worldvolume coordinates, 



g^ = diZ''d-^Z^El,Et,Vrs (79) 



J 



is the puUback of the supervielbein to the worldvolume and B is the puUback of the super-three- 
form. This procedure can be somewhat involved and has been explicitly done only to quadratic 
order in fermions for generic bosonic backgrounds. However for the case of AdS4^ x S"^ /Zk due 
to the large degree of symmetry it may be possible to carry it out to higher orders starting 
from the supermembrane action of [35] where explicit expressions for the supervielbein and B 
are given to all orders in fermions. 

A further appeal of such an approach relates to the exactness of the AdS4xS^ geometry and 
its consequences. As was argued by Kallosh and Rajaraman [36] the AdS^ x S''^ geometry is exact 
in that it cannot receive ip corrections which are consistent with supersymmetry. While the Z^ 
orbifold relating it to AdS4 x P^ breaks some of the supersymmetry for fc > 2, it is reasonable 
to expect that this geometry remains unchanged and thus that the type IIA solution AdS4 x P^ 
does not receive a' corrections (up to perhaps a finite renormalization of the radius of the 
space) . 

Another possible approach to extracting higher-loop information is suggested by the work 
of Alday and Maldacena who showed, [29] , that for AdSs x S^ the leading logarithmic depen- 
dence on u is described by a two-dimensional 0(6) sigma model. At the level of the string 
worldsheet one may justify this by integrating out the massive modes and constructing in this 
way an effective action for the light modes lj. Similar reasoning suggests that here the leading 
logarithmic dependence in u may be captured by a P^ model coupled to two light fermions 
- the light degrees of freedom in the current model. While it is known that the bosonic P^ 
model is not integrable at the quantum level due to an anomaly in the conservation of the 
non-local charges, [37], it is possible to couple the theory to fermions such that the anomaly 
cancels. Such are the minimal or the supersymmetric couplings, see for example [38]; it would 
be interesting to check whether the same is true in this case. One would then be able to predict 
the coefficients of the leading and first subleading In u terms to all orders in the strong coupling 
expansion. 



10 « 



Light" stands for masses of order i/ or u. 
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A Integrals 

The sum of frequencies of bosonic and fermionic fluctions can be put in a form which can be 
integrated without difficulty using the following identities [19]: 



Seip) = \^2 + p^ + 2^/1 + p^u^ + J2+ p^- 2^/1+ p^u 



'\2ni2 



sJau^ + {p+ ^p^ + 4(1 - ^)2 (80) 



Sf{p) = ^Vl + 2p2 + ^i+4p%2+ ^1 + 2^2-^1+4^2^2 
V 2 v2 



^Ju^ + ip+^/p^ + il-u^)y 



11] 



Using a cutoff regularization for the integral over p and changing the integration variable 
z = p + a/p^ + 4(1 — ^2) and z = p+ y^p"^ + (1 — u"^), respectively, the integrals become 



dpSsip) = / , — + z ) V4 

Jy/A{l-u'2) ^ \ ^ 



i-u2 -|- ^2 



dz ( \ — U^ 



dpSpip) = — + z ) Vu^ + z^ (82) 

JvT^^^ z \ z 



which can be straightforwardly evaluated. 
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